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Abstract

Term capital-guaranteed funds are managed so that the investor recovers at maturity their initial capital, the fund performance being related to the performance of financial markets. The aim of this paper is to investigate two types of fund management, namely the option method and the cushion method. In the first case, the fund manager statically hedges the fund using options. In the second case, the fund manager dynamically allocates the wealth following specific trading rules to insure the fund will fulfil the guarantee. For both types of management we describe the final value of the fund, we illustrate the fund behaviour for typical market evolutions and we study the distribution of fund values at maturity. Finally, we analyse the risk and performance characteristics of the fund with various measures and discuss optimality. Our results may help fund managers to choose the adequate fund management method.

Term Capital-Guaranteed Fund Management: The Option Method vs The Cushion Method

INTRODUCTION

Many investors would like to receive the gains during bullish markets without bearing the losses during bearish markets. Among the different financial products currently available to investors, such an objective is achieved by so-called guaranteed funds, which insure investors to get back the initial value of their investment. These financial products are especially popular after a market downturn when investors have directly invested in financial markets and suffer heavy losses.

Guaranteed funds provide to the holder the guarantee to recover the totality of her initial capital, sometimes increased by an extra profit related to the out-performance of financial markets. The “level of the guarantee” is called the floor value of the fund at maturity. The present paper focuses on “term capital-guaranteed funds”, in the sense that the floor applies at fund maturity only. The guarantee is therefore supposed to be “European” versus “American”. The former applies at the maturity, while the latter applies at any time before maturity.

Given the growing importance of guaranteed funds, a practical question in the industry is the choice of the management method to fulfil the guarantee. Two methods are used in practice: the option method and the cushion method. In the case of the option method developped by Leland and Rubinstein (1976), the fund manager statically hedges the fund using options. In the case of the cushion method developped by Perold and Sharpe (1988), the fund manager dynamically allocates the wealth following specific trading rules to insure the fund will fulfil the guarantee. In this paper we ask several questions: how is the fund value related to the performance of financial markets? What are the similarities and differences between the two methods? Are these methods equivalent or is one better than the other? 

It is often said that the main advantage of the cushion method is its flexibility over time in terms of the choice of the underlying asset and degree of riskiness while the main advantage of the option method is its low managing cost as it is structured once in all and the possibility to communicate on the known fund performance relative to the market performance. In this paper we focus on the risk and performance issues.

The goal of this paper is to present and compare the option method and the cushion method in a rigorous way as there are few works done by academics or practitioners that consider the two methods at the same time. The results obtained in this paper may help practitioners to choose the management method for their funds. The comparison is done within a standard framework: a continuous-time Brownian motion process for the risky asset with constant interest rate, constant risk premium and constant volatility.

This paper is organised as follows : the first and second sections describe in detail each fund management technique. The third section then provides results based on simulations in order to illustrate each method for particular market evolutions and to study the distribution of the final value of the fund managed by each technique. The final section deals with the risk/performance profile. Using different measures of risk and performance used by practitioners, the optimality of the methods is discussed. The conclusion summarises our results and relates them to the academic literature based on the concept of utility.

1. 
fund managed with the Option method

The option method was first introduced by Leland and Rubinstein (1976). It is known as the OBPI (Option Based Portfolio Insurance) method. With this method, the fund is structured at the beginning in such a way that the difference between the initial fund value and the discounted floor value, is invested in options on a chosen underlying asset while a risk-free zero-coupon bond with a nominal equal to the floor value is bought to fulfil the guarantee at maturity. The options can either be bought in the derivatives market, or synthetically replicated following a hedging strategy.

1.1
Fund structuration

We consider two optional structures: a standard call option and capped call options. Capped call options allow one to increase the profit due to average or good market performances by discarding the profits due to exceptional performances. Note that a standard call option corresponds to a particular capped call option with a cap value equal to infinity. Depending on the initial level of implied volatility and interest rates, it might not be possible to buy an option with a nominal equal to the initial value of the fund but to a fraction of this value only. This parameter called the “gearing” of the fund specifies the nominal amount of the underlying asset, on which the option is written. Note that the strategy might also be described as a long position on a fraction ( of the initial fund value combined with the buying of a put option (see El Karoui et al (2002)).

In the case of a standard call option, the option value at maturity T is given by:

(1)
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Figure 1 : Final fund value with the option method
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where S denotes the value of the underlying asset, K the strike of the option equal to the guarantee of the fund at maturity, ( the gearing of the fund and the subscript ( stands for a call capped at infinity. 

In the case of a capped call option with a cap value equal to K’, the option value at maturity T is given by : 

(2)
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where K’ is the maximum extra profit beyond the capital guarantee K.

In all cases, the gearing parameter ( must be adjusted at the initial launching date so that the initial value of the fund equals the value of the zero-coupon bond added to the value of the option:

(3)
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where 
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 is the value at time 0 of a call option with nominal amount 
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, exercise price K, cap K’ (K’ being possibly equal to +() and maturity T.

Table 1 gives the value of the gearing parameter for a standard call option and for capped call options. The higher the cap value K’, the lower the gearing value ( due to the decreasing relationship between the capped call value and the cap value.

1.2
Fund valuation with the option method

While the fund value is known at the initial and final dates without ambiguity, this is not the case at intermediate dates. A valuation model must be developed to solve this problem. We present below a standard model.

The risk-neutral implied dynamics of the risky asset price S is classically given by the following Black-Scholes stochastic differential equation : 

(4)
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where r is the risk-free rate, ( the volatility, both assumed to be constant, and 
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At any time t before maturity T, the fund value denoted by Vt is given by : 

(5)
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where 
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 is given by a Black-Scholes formula (see Appendix 1).

1.3 Final fund value with the option method

Figure 1 represents the final fund value as a function of the risky asset price in the case of the option method. The fund value is simply equal to the sum of the floor value and the option payoff given by Equations (1) or (2).

2.
FUND managed with The cushion method

The cushion method was first introduced by Perold and Sharpe (1988). The method is known as the CPPI (Constant Proportion Portfolio Insurance) method. It consists in defining dynamically a self-financing trading strategy in a risky asset (or a combination of risky assets). All through the paper, we consider that the fund manager has already chosen what is usually called the “tactical allocation”, namely the composition of the risky portfolio among traded assets.
 We therefore focus on the problem of defining the “strategic allocation”, namely the management of the investment in risky assets compatible with the obligation to fulfil the guarantee.

2.1
Dynamic strategies

Within the cushion method, we consider both constrained and unconstrained investment strategies. The constraint deals with the maximum allowed in the risky asset.

2.1.1 Unconstrained strategies 

At any time t, the fund value is decomposed in two parts: the discounted floor value and the cushion: 

(6)
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where the cushion, denoted by Ct, is obtained as the difference between the fund value and the discounted floor value. With this method, a part of the fund is invested in a risk-free zero-coupon bond maturing at time T and another part in a risky asset. Note that according to the importance of the part invested in the risky asset relative to the fund value, the investment in the bond can be long or short (when the investment in the risky asset exceeds the fund value). A classical investment strategy is the following : the amount invested at time t in the risky asset of value 
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, is set equal to a multiple m of the cushion value:

(7)
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The multiple parameter m is usually called the « leverage » of the fund. When m is equal to 1, we invest the cushion only. When m is greater than 1, we invest a much bigger amount in the risky asset which is why this type of fund is said to be leveraged.

2.1.2 Constrained strategies

Additional constraints might be added to the CPPI trading rule. For example, a maximum can be specified for the proportion of the fund invested in the risky asset. A usual constraint is that the value invested in the risky asset must not exceed the fund value itself, hence preventing any borrowing.

Let us denote by b the maximum proportion of current fund value invested in the risky asset. Note that the constrained strategies preventing any borrowing correspond to the cases: b(100%. and that the unconstrained strategy presented above corresponds to the special case: b=+(. The amount invested at time t in the risky asset, denoted by 
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, is set equal to the minimum between the unconstrained strategy and the maximum allowed in the risky asset:

(8)
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2.2
Fund valuation with the cushion method

Following the trading strategy described above, at any time t, the fund is decomposed in two parts: the zero-coupon bond and the risky asset: 

(9) 
[image: image16.wmf],

S

B

V

t

b

,

m

t

t

t

×

+

=

f


As the values of the zero-coupon bond and of the risky asset can be directly obtained from market prices, the fund value is straightforward.

Remembering that 
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 and the lemma given in Appendix 2 yields to the following risk-neutral stochastic differential equation for 
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Integrating explicitly Equation (10) is not an easy task, but VT can be easily exhibited through numerical simulations as shown in the following subsection. Only in the special case of the unconstrained dynamic strategy, the final fund value can be explicitly written as an exponential function of the risky asset price at fund maturity (see Appendix 3), which proves that it is path-independent. In the general case with the constraint (b<+() path-dependent features appear in the solution.

2.3
Final fund value with the cushion method

Figure 2 represents the final fund value in the case of the cushion method.

As mentioned above, for the unconstrained investment strategy, the final fund value has an exponential form. The main impact of the additional investment constraint is that this exponential form disappears, the behaviour of the fund tending to be logarithmic for large values of the risky asset price at fund maturity. By imposing this constraint, we exchange high performances of the fund with low and medium performances. This result can be deduced intuitively by looking carefully at Equation (10). Due to the minimum in the variance term of Equation (10), the final distribution of 
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 is a mixture of two regimes, which are distinct from each other for respectively low and high values of the cushion. For low values of 
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, which makes the strategy equivalent to the unconstrained one. For high values of 
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, with a predominance of the term 
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at infinity. When the value of parameter b is less than 100%, the constrained strategies have a logarithmic behaviour as observed in Figure 2. Following this argument, the special case b=100% gives a close to a linear behaviour of the final fund value. This feature makes the dynamic strategy possibly close to an option-based strategy.

3.
fund Behaviour

This section compares the behaviour of guaranteed funds managed with the option method and of funds managed with the cushion method. First, the fund behaviour is studied for typical market evolutions: a bearish market and a bullish market. Then, the statistical distribution of the final fund value is obtained. Finally, basic statistics are computed to summarise the fund behaviour.
 

3.1
Fund value over time

In order to consider the fund value in the future, we need to specify the dynamics of the risky asset price under the historical probability. In order to allow for a description of returns under the historical probability and to discuss optimality, a risk-premium is added to Equation (1) making the evolution of 
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where price of risk 
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 is set equal to 0.25, which is implying an expected annual return under the historical probability of 10%.

Practitioners pay a particular attention to the evolution of the fund value over its lifetime. Indeed, the fund value at any time has to be higher than the zero-coupon bond paying the floor value at maturity.

The evolution of the fund value in a bullish market is represented in Figure 3A (option method) and Figure 3B (cushion method). Symmetrically, Figures 4A and 4B deal with a bearish market. In the case of a bullish market, fund performances are inferior to the performance of the underlying risky asset due to the cost of the insurance. In the case of a bearish market, the insurance implies the opposite : the final value is above the level of guarantee despite a market fall beyond this level.

With both methods, current values for intermediary dates are superior to the zero-coupon bond price 
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 but not necessarily superior to the guarantee level K as the guarantee being European applies only at maturity. This is illustrated in Figures 4A and B.

Distinctive behaviours are observed for constrained and unconstrained strategies. In both option based and dynamic strategies, the constrained strategies (with K'=20% and b=20%) outperform the others in the case of low or medium performance of the risky asset but underperform in the case of high performance. 

Comparing the two types of management lead to the following remark : for low performances of the stock market, the cushion method gives higher returns than the option method. For medium performances, the option method gives higher returns than the cushion method. And finally for high performances, the cushion method outperforms the option method again. This result is detailed in the following subsections.

3.2
Distribution of the final fund value

The distribution of the final fund value is represented in Figure 5A (option method) and Figure 5B (cushion method). The distributions obtained with the option method are truncated log-normal. The high peaks in the distribution are explained by the saturation of the constraints imposed on the final fund value (either the floor value at K or the cap values at K’). The distributions obtained with the cushion method may present one or two peaks according to the level of investment constraint. For the unconstrained strategy (b=+(), the log-normal distribution gives a maximal frequency for low values (final value around 102% of the initial value), meaning that the main features of the unconstrained strategy are : high frequency for low performances, relatively low frequency for medium performances, and fat tails for high performances. For constrained strategies (the maximum invested in the risky asset b being lower than 100%), the mixture of distributions described in the previous section is visible: the distribution tends to have two modes, the first one being related to low performances as in the unconstrained case, the second one being displaced to average performances of the stock market (around 110 % for b=20 % and around 120% for b=40%). These two modes correspond to the two regimes described in subsection 2.3.

3.3
Statistics

Table 2 gives descriptive statistics about the fund returns under the simulated historical probability. The mean and standard deviation of the final payoffs behave as intuition expects : for both the option method and the cushion method, increasing K' or b implies an extra expected return together with an extra standard deviation. The standard deviation of the funds is generally lower than for the risky asset due to the guarantee, except in the case of the unconstrained cushion strategy due to the leverage effect. The negative value of the kurtosis for funds managed with the option methods with capped call values K' ranging from 20% to 60% is due to the flatness of the truncated distributions. On the other hand, the positive value of kurtosis for funds managed with the cushion method with investment constraint values ranging from 80 % to +( is due to the exponential form of the final payoff function described in Figure 2. Due to the fatter tails of the distributions obtained with the cushion method one could expect to have higher top quantiles than for funds managed with the option method. Noticeably enough, the top 5% quantile values remain higher for funds managed with the option method. However, the top 1% quantile values give the expected result in favour of the cushion method. This means that one has to expect extreme performances of the stock market in order to take advantage of the relative distribution of funds managed with the cushion method.

The statistical results described above imply that the main difference between the two types of management is related to the importance of the distribution tails. These comparative results lead to a natural question : what is the best choice between the two types of fund management? In the following section we describe how the answer to this question depends on the way risk and performance are measured.

4.
RISK and PERFORMANCE MEASURES AND OPTIMALITY

In this section, we follow the classical idea of Markowitz (1959) further extended by Merton (1990) that a manager either maximises performance for a given level of risk or minimises risk for a given level of performance. On a risk-performance graph, the manager therefore tends to optimally choose strategies giving a couple located on the left-hand side and upper side of the graph. We introduce various measures of risk and performance in order to discuss optimality.

4.1
Standard risk and performance measures

As a benchmark for further discussion, standard measures are used to describe fund returns: the mean for performance and the standard deviation for risk. Figure 6 plots the risk-performance couples for funds managed with the option method and for funds managed with the cushion method. For both methods, a higher mean is associated with a higher standard deviation. However, the option method clearly appears to be more efficient than the cushion method as, for a given risk level, the mean of the former method is in most cases higher than the mean of the latter method. Noticeably enough, for the option method, the mean tends to increase at a higher speed than for the cushion method. One could therefore conclude that the cushion method is less efficient except in the case of highly constrained strategies (when parameter b representing the maximum invested in the risky asset is constrained to be less than 20% or 30% of the fund value).

Still, results might highly depend on the way both risk and performance are measured. We have already noticed that the main difference between the two types of management is the statistical behaviour of the fund for extreme returns located in the right tail of the distribution. In the following subsections we consider alternative measures of risk and performance.

4.2
Alternative performance measure

Instead of looking at the mean of the return distribution, which is a global measure of performance, we consider top quantile measures (right tail of the distribution) focusing on the best performances of the fund. Choosing the quantile as a measure of performance implies giving a higher weight to extreme positive moves in asset prices.

Figure 7 plots the risk-performance couples, with performance measured by the top 5% quantile replacing the mean, and risk measured by the standard deviation. The cushion method is now located on the left of the graph making it more efficient than the option method for that choice of measures. This is due to the relatively fatter tails of the return distribution obtained with the cushion method. Replacing the top 5% quantile by the top 1% quantile heightens this phenomenon.

4.3 Alternative risk measure

In this subsection, we investigate an alternative risk measure based on Stone (1973). As explained by Stone, the choice of a risk measure implicitly involves decisions about: 1) a reference level of wealth about which deviations are measured; 2) the relative importance of small versus large deviations; and 3) the outcomes that should be included in the risk measure. Stone defines two related risk measures denoted by L and R:
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This general formula depends on three parameters, which allows one to address the three issues mentioned above: W0 (about what point are the deviations to be measured?), k (what is the relative importance of large deviations with respect to small deviations?) and A (which of the deviations are to be counted in specifying risk measure?).  Note that this general formula encompasses various traditional risk measures. First, when 
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[image: image37.wmf],

D

A

=

 the risk measure 
[image: image38.wmf](

)

D

,

,

W

L

0

0

 corresponds to the probability of doing less than threshold D.

In our case, we choose 
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 and A=+(, and focus on the parameter k. When 1<k<+(, large deviations assume relatively more importance than small deviations. When k=1, all deviations are weighted equally. When 0<k<1, small deviations assume relatively more importance than large deviations. When k=0, we obtain a degenerate case in which only the probability of the event is considered. In our study, we consider the intermediate case k=1, for which the risk measure corresponds to the mean absolute deviation. 

Figure 8 plots the risk-performance couples, with performance measured by the usual mean and risk measured by the mean absolute deviation replacing the standard deviation. Due to the lower impact of a large deviation on risk, the cushion method now appears to outperform the option method. Especially for the least constrained cushion strategies, the exponential behaviour of the strategy, which was previously considered as a drawback, now appears to become a positive feature making it possibly optimal.

One could obviously play with previous results and design a couple of measures, which would make dynamical strategies look highly more efficient than option based methods. One of our messages is therefore to focus on the importance of the choice of measures for risk and performance, especially as far as the relative impact of large deviations is concerned.

5.
concluding remarks

In this paper, we have analysed two types of term capital-guaranteed fund management: the option method and the cushion method. Both methods allow one to achieve the main objective of this type of fund: to fulfil the guarantee at maturity. However, the two methods differ in many ways. The fund values at maturity are different for a given evolution of financial markets. As a consequence the statistical distributions of the fund value at maturity and the statistics summarising the risk/performance profile of the fund are also different.

The main results presented in this paper can be summarised as follows: First, funds managed with the cushion method exhibit a return distribution with fatter tails than funds managed with the option method, emphasising the importance of extreme returns. Second, the option method seems to dominate the cushion method in the classical mean-variance framework used to analyse the risk/performance characteristics of the funds. However, when alternative measures of performance and risk, such as top quantiles and the absolute deviation, are used, this result can be reversed. 

Remains the fact that there is no robust theoretical evidence in favour of one specific fund management method or final payoff, which makes the job of optimally tailoring a fund still highly dependent on subjective parameters such as the parameters describing risk and performance discussed in the paper.

Along these lines, several authors have introduced the concept of utility to deal with optimality. Among those, it is noticeable that Black and Perold (1992) proved that CPPI strategies maximise the expected utility of the final wealth for well chosen piece-wise constant risk aversion utility functions. In their setting, the wealth constraint stating that the final floor is dealt by introducing a linear utility function for wealth values inferior to the floor. In a similar setting, it is easy to prove (see e.g. El Karoui et al, 2002) that CPPI maximises constant relative risk aversion functions, when utility applies on the extra wealth over the floor. Such a framework – considering the utility above the floor only - may be justified by the fact that the wealth becomes risky above that level. More generally several authors have solved the problem of maximising the expected utility under a final  wealth constraint (see e.g. Cox and Huang, 1989, and El Karoui et al, 2002). Under very unrestrictive conditions on utility (among which strictly concavity), it is proven that the option method is always optimal when written on the portfolio which maximises the expeced utility with no constraint.

Being aware of the on-going academic discussion regarding the optimality of the cushion method versus the option method, we have intended in this paper to give a precise and complete description of both methods, in a setting as close as possible to the market practice. 
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Appendix 1

Final fund value with the option method 

The value of a capped call at time 0, denoted by 
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, is given by the difference between two Black-Scholes formulae figuring two call options with respective strike values K and K’.
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where 
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Appendix 2

Final fund value with the cushion method 

In order to describe the evolution of the current value of the cushion 
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, we recall the general property of self-financing trading strategies : 

Lemma: A self-financing strategy with horizon date T is defined by the process 
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 the current value of the strategy. The self-financing property implies that the risk-neutral dynamics of 
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Proof: Due to the arbitrage free assumption the discounted value of a self-financing portfolio 
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 is a martingale under the risk-neutral probability measure. The martingale representation theorem implies that there exists an adapted process 
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Considering that 
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 specifies the nominal amount invested in risky assets at time t, the variance term 
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Applying previous lemma with 
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 given by Equation (8) in the text yields to Equation (10).

Appendix 3

Log-normality of the cushion method 

Applying the lemma given in Appendix 2 to the classical CPPI method with leverage m, for which 
[image: image59.wmf]t

t

t

C

m

S

×

=

×

f

 and 
[image: image60.wmf]t

t

C

=

p

, we get the following risk-neutral stochastic differential equation for Ct:

(1)
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with initial condition 
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 This yields to the following corollary : 

Corollary: The dynamic strategy with leverage m gives a log-normal final value for the cushion CT (when continuously rebalanced). CT equals is a m-exponential function of the final performance of the risky portfolio 
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Proof: Integrated Equation (3) gives : 

(2)
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which is log-normally distributed. Equation (4) can also be written using 
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(3)
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This proves the corollary. 

Table 1. Gearing parameter for a standard call option and capped call options. 

This table gives the value of the gearing parameter 
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 for a standard call option (K’=+() and capped call options (K’ ranging from 20% to 100 % of the initial value of the risky asset). The initial fund value is assumed to be equal to the initial value of the risky asset (V0=S0). The level of the fund guarantee is equal to the initial fund value (K=V0). The maturity T of all call options is equal to 2 years. The annual risk-free interest rate r is equal to 5%. The annual volatility of the risky asset ( is equal to 20%.
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	105.40%
	93.04%
	90.45%
	89.67%
	89.41%
	89.28%


Table 2. Descriptive statistics of fund returns. 

This table give descriptive statistics about gross returns of the risky asset used in the fund (Panel A), of the funds managed with option method (Panel B) and with the cushion method (Panel C). To compute the initial option price, the risk-neutral process of the risky asset price is assumed to be a Brownian motion with an annual risk-free rate of 5% and an annual volatility of 20 %. An annual risk premium of 5% is taken to simulate the historical distribution and then compute statistics.

Panel A. Risky asset

	Mean
	Standard deviation
	Kurtosis
	Top 5% quantile
	Top 1% quantile

	121.82%
	34.05%
	1.48
	186%
	234%


Panel B. Option method

	
	Call option cap K’

	
	20%
	40%
	60%
	80%
	100%
	+(

	Mean
	113.41%
	115.02%
	115.56%
	115.83%
	116.02%
	116.14%

	Standard deviation
	8.49%
	15.89%
	19.43%
	21.35%
	22.55%
	23.45%

	Kurtosis
	-1.30
	-1.35
	-0.13
	1.28
	2.73
	4.76

	Top 5% quantile
	120%
	140%
	160%
	166%
	166%
	166%

	Top 1% quantile
	120%
	140%
	160%
	180%
	200%
	208%


Panel C. Cushion method

	
	Investment constraint b

	
	20%
	40%
	60%
	80%
	100%
	+(

	Mean
	112.71%
	114.06%
	114.75%
	115.11%
	115.41%
	116.43%

	Standard deviation
	6.10%
	11.88%
	16.15%
	19.46%
	22.20%
	35.44%

	Kurtosis
	-0.00
	0.50
	2.47
	5.22
	8.39
	66.55

	Top 5% quantile
	124%
	138%
	148%
	158%
	162%
	162%

	Top 1% quantile
	130%
	152%
	172%
	194%
	212%
	298%


Figure 1. Final fund value with the option method. 
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This figure gives the final fund value as a function of the risky asset price at fund maturity in the case of a fund managed with the option method. We consider a standard (uncapped) call option (K'=+() and capped call options (K' ranging from 20% to 100 % of the initial value of the risky asset). The maturity T of all call options is equal to the fund maturity (2 years). To compute the initial option price, the risk-neutral process of the risky asset price is assumed to be a Brownian motion with an annual risk-free rate of 5% and an annual volatility of 20 %. An annual risk premium of 5% is taken to simulate the historical distribution.

Figure 2. Final fund value with the cushion method.

This figure gives the final fund value at fund maturity in the case of a fund managed with the cushion method. For a given stock value at maturity, for the constrained strategies, the mean fund value is represented as it is path-dependent. We consider a standard (unconstrained) dynamic trading strategy (b=+() and constrained strategies (the maximum invested in the risky asset, b, ranging from 20% to 100% of the fund value). The fund maturity is equal to 2 years. The historical process of the risky asset price is assumed to be a Brownian motion with an annual expected return of 10% and an annual volatility of 20 %.
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Figure 1 : Final fund value with the option method
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Figure 3. Fund behaviour in a bullish market.

This figure gives the fund value over time in the case of a bullish market in the case of a fund managed with the option method (Figure 3A) and in the case of a fund managed with the cushion method (Figure 3B). The risky asset is used as the underlying asset for the option and for the risky investment of the fund managed with cushion method. To compute the option price during the life of the fund, the risk-neutral process of the risky asset price is assumed to be a Brownian motion with an annual risk-free rate of 5% and an annual volatility of 20 %. An annual risk premium of 5% is taken to simulate the historical evolution of the risky asset price. The solid line represents the evolution of the risky asset value, which is associated with an unprotected buy-and-hold strategy. For funds managed with the option method, the current fund values are deduced by applying the Black-Scholes model as described in Appendix 1. For funds managed with the cushion method, the current values are obtained using the Milstein discretisation scheme of Equation (10).
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[image: image71.emf]Figure 7 : Performance/risk trade-off measured by 

the top quantile and standard deviation of returns
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Figure 4. Fund behaviour in a bearish market.

This figure gives the fund value over time in the case of a bearish market in the case of a fund managed with the option method (Figure 4A) and in the case of a fund managed with the cushion method (Figure 4B). The risky asset is used as the underlying asset for the option and for the risky investment of the fund managed with cushion method. To compute the option price during the life of the fund, the risk-neutral process of the risky asset price is assumed to be a Brownian motion with an annual risk-free rate of 5% and an annual volatility of 20 %. An annual risk premium of 5% is taken to simulate the historical evolution of the risky asset price. The solid line represents the evolution of the risky asset value, which is associated with an unprotected buy-and-hold strategy. For funds managed with the option method, the current fund values are deduced by applying the Black-Scholes model as described in Appendix 1. For funds managed with the cushion method, the current values are obtained using the Milstein discretisation scheme of Equation (10).
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[image: image73.emf]Figure 5B : Distributions of final fund value

with the cushion method
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Figure 5. Distribution of the final fund value.

This figure gives the distribution of the fund value at maturity in the case of a fund managed with the option method (Figure 5A) and in the case of a fund managed with the cushion method (Figure 5B). Each distribution is obtained from 4.000 simulations of the risky asset price. The process of the risky asset price is assumed to be a Brownian motion. The log-normal distribution of the risky asset price at fund maturity is plotted for comparison.
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[image: image75.emf]Figure 4B : Evolution of the fund value

with the cushion method in a bearish market
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Figure 6. Fund performance and risk measured by the mean and standard deviation.

This figure plots the mean and standard deviation of funds managed with the option method and funds managed with the cushion method. For the option method we consider a standard (uncapped) call option (K'=+() and capped call options (the cap value K' ranging from 20% to 100 % of the initial risky asset price). For the cushion method we consider a standard (unconstrained) dynamic strategy (b=+() and constrained strategies (the maximum invested in the risky asset b ranging from 20% to 100% of the fund value). The maturity T of all funds is equal to 2 years. The mean and standard deviation of the funds are computed from statistical distributions obtained with the following parameters (annual values): 5% for the risk-free interest rate, 5% for the risk premium of the risky asset, and 20% for the volatility of the risky asset.

[image: image76.emf]Figure 4A : Evolution of the fund value
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Figure 7. Fund performance and risk measured by the top quantile and standard deviation.

This figure plots the top quantile and standard deviation of funds managed with the option method and funds managed with the cushion method. For the option method we consider a standard (uncapped) call option (K'=+() and capped call options (the cap value K' ranging from 20% to 100 % of the initial risky asset price). For the cushion method we consider a standard (unconstrained) dynamic strategy (b=+() and constrained strategies (the maximum invested in the risky asset b ranging from 20% to 100% of the fund value). The maturity T of all funds is equal to 2 years. The top 5% and 1% quantiles and standard deviation of the funds are computed from statistical distributions obtained with the following parameters (annual values): 5% for the risk-free interest rate, 5% for the risk premium of the risky asset, and 20% for the volatility of the risky asset.

[image: image77.emf]Figure 3B : Evolution of the fund value

with the cushion method in a bullish market
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Figure 8. Fund performance and risk measured by the mean and absolute deviation.

This figure plots the mean and absolute deviation of funds managed with the option method and funds managed with the cushion method. For the option method we consider a standard (uncapped) call option (K'=+() and capped call options (the cap value K' ranging from 20% to 100 % of the initial risky asset price). For the cushion method we consider a standard (unconstrained) dynamic strategy (b=+() and constrained strategies (the maximum invested in the risky asset b ranging from 20% to 100% of the fund value). The maturity T of all funds is equal to 2 years. The mean and absolute deviation of the funds are computed from statistical distributions obtained with the following parameters (annual values): 5% for the risk-free interest rate, 5% for the risk premium of the risky asset, and 20% for the volatility of the risky asset.
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� See  Brennan et al (1997) for a detailed presentation of this issue.


� Another interesting approach as developped by Bertrand and Prigent (2002) would be to consider the OBPI in the CPPI framework (what is the equivalent dynamic strategy or the value of the leverage parameter m?) and conversely to consider the CPPI in the OBPI framework (what is the equivalent hedging strategy or the value of the hedge parameter (?)
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		130		116.0629272461		120.9506225586		116.5707397461

		135		120.5268859863		125.6025695801		121.0542297363

		140		124.9908447266		130.2545166016		125.5377197266

		145		129.4548034668		134.906463623		130.0212097168

		150		133.918762207		139.5584106445		134.504699707

		155		138.3827209473		140		138.9881896973

		160		142.8466796875		140		143.4716796875

		165		147.3106384277		140		147.9551696777

		170		151.774597168		140		152.438659668

		175		156.2385559082		140		156.9221496582

		180		160.7025146484		140		161.4056396484

		185		165.1664733887		140		165.8891296387

		190		169.6304321289		140		170.3726196289

		195		174.0943908691		140		174.8561096191

		200		178.5583496094		140		179.3395996094

		205		183.0223083496		140		180

		210		187.4862670898		140		180

		215		191.9502258301		140		180

		220		196.4141845703		140		180

		225		200.8781433105		140		180

		230		205.3421020508		140		180

		235		209.806060791		140		180

		240		214.2700195313		140		180

		245		218.7339782715		140		180

		250		223.1979370117		140		180

		255		227.661895752		140		180

		260		232.1258544922		140		180

		265		236.5898132324		140		180

		270		241.0537719727		140		180

		275		245.5177307129		140		180

		280		249.9816894531		140		180

		285		254.4456481934		140		180

		290		258.9096069336		140		180

		295		263.3735656738		140		180

		300		267.8375244141		140		180

		Deuxieme figure

		données à mettre en forme

		Stock  value at maturity		unconstrained		b=20%		b=60%		b=100%

		0		100.044483013		100.1174403808		100.04575739		100.0446155542

		10		100.044483013		100.1174403808		100.04575739		100.0446155542

		20		100.044483013		100.1174403808		100.04575739		100.0446155542

		30		100.044483013		100.1174403808		100.04575739		100.0446155542

		35		100.044483013		100.1174403808		100.04575739		100.0446155542

		43.4686619008		100.044483013		100.1174403808		100.04575739		100.0446155542

		61.1908190182		100.2458918697		100.6313495538		100.2442400967		100.2442400967

		76.3781497294		100.7450038296		103.1316823057		100.7552911087		100.7552911087

		89.6470210972		101.6595569212		106.0994383418		101.6573554074		101.6573554074

		92.6859016458		101.960564949		107.3773829664		101.9675269939		101.9675269939

		93.67241325		102.067147104		107.5991942139		102.0884896257		102.0884896257

		95.8311411632		102.3165737853		108.0933370581		102.3331612985		102.3331612985

		96.24708356		102.3672860092		107.8503367465		102.3569457267		102.3551771695

		97.0269592051		102.4647617365		108.365213293		102.4727534521		102.4727534521

		104.4876631788		103.5697509757		109.9829408104		104.5545372864		103.5804105541

		107.9071746154		104.1933821802		110.6935694635		104.2060297885		104.2060297885

		116.204492114		106.0733376001		112.345577045		109.5498633862		106.281110872

		117.1460796396		106.323414269		112.5346301137		111.4984399796		108.1058494252

		117.6545367084		106.4618404231		112.6209923679		110.2488710824		106.5094005529

		120.3659447281		107.2415408175		113.1325098072		107.3685960268		107.3178444491

		121.6470716213		107.635212563		113.3784259671		115.2623002617		107.6638047665

		125.7706991019		109.0200763458		114.1412854547		119.3333412181		112.3004083533

		147.6203411021		120.09295729		117.8430534229		130.6383142409		120.3815675914

		184.259153525		160.8776945315		123.2057655214		149.2289165573		165.5637132917

		259.3815411552		436.5179001938		131.9165395093		178.943019855		230.8342870383
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Figure 1 : Final fund value with the option method



figures5

		Trajectoires bullish

		Figure 3A														Figure 3B

		Time in years		Stock		uncapped call		40% capped call		80% capped call						Time in years		Stock		unconstrained		b=20%		b=60%		b=100%

		0		100		100.0010630412		100.0005270594		99.9989022512						0		100		100		100		100		100

		0.02		104.0456701127		102.0388912721		101.6737974262		101.9746334109						0.02		104.0456701127		101.9774269956		100.8891740359		101.9774269956		101.9774269956

		0.04		106.847495678		103.555586939		102.8821319845		103.4361198163						0.04		106.847495678		103.5577779796		101.5132907238		103.5577779796		103.5577779796

		0.06		103.0286800611		101.5024433226		101.3492458154		101.4802349139						0.06		103.0286800611		101.2928798982		100.8689086088		101.3784787364		101.2928798982

		0.08		100.5934272416		100.2907850734		100.4055146136		100.3139545138						0.08		100.5934272416		100.0961807968		100.472803485		100.1713207197		100.0961807968

		0.1		102.836354083		101.3980626036		101.3586755746		101.3989355119						0.1		102.836354083		101.1812644377		101.0012693902		101.2644806069		101.1812644377

		0.12		102.7253360207		101.338716797		101.3561447968		101.3506504017						0.12		102.7253360207		101.1759559058		101.0603034242		101.2583898594		101.1759559058

		0.14		102.6618768656		101.3035671243		101.3724602951		101.3254366048						0.14		102.6618768656		101.195074759		101.1287059902		101.2769241916		101.195074759

		0.16		103.5450910953		101.7475474641		101.7816097809		101.7662818706						0.16		103.5450910953		101.6793308467		101.3836542499		101.7643735274		101.6793308467

		0.18		103.6325109944		101.787413937		101.8606525309		101.814171352						0.18		103.6325109944		101.7728832518		101.4819207533		101.8579445861		101.7728832518

		0.2		107.2174420375		103.6904249068		103.4314084016		103.6684247631						0.2		107.2174420375		103.6334468535		102.2652541492		103.7328802894		103.6334468535

		0.22		105.2832494037		102.6337320854		102.6453609536		102.6561339939						0.22		105.2832494037		102.5718279866		101.9781361468		102.6618946403		102.5718279866

		0.24		98.4892704248		99.3360939799		99.8738027063		99.4267558467						0.24		98.4892704248		99.0416523701		100.743619776		99.1022983535		99.0416523701

		0.26		97.4962538347		98.9119008359		99.5188352594		99.0101926185						0.26		97.4962538347		98.7270398464		100.621105776		98.7843858135		98.7270398464

		0.28		98.0670330251		99.1597753409		99.7763246644		99.2607189275						0.28		98.0670330251		98.9971416347		100.8194575688		99.0559367258		98.9971416347

		0.3		97.1693472854		98.7855267189		99.4588864272		98.8919268947						0.3		97.1693472854		98.7287185585		100.7155773008		98.7845873599		98.7287185585

		0.32		92.3266668688		96.9585412722		97.7123837661		97.0636525387						0.32		92.3266668688		97.0793063521		99.7923069089		97.1210297507		97.0793063521

		0.34		96.0987254186		98.365064184		99.1123062843		98.4779041323						0.34		96.0987254186		98.1999484108		100.6875949897		98.2500279985		98.1999484108

		0.36		95.9027895173		98.2960517006		99.0691769331		98.4112603738						0.36		95.9027895173		98.2045104255		100.7271269226		98.2538790577		98.2045104255

		0.38		95.5544328775		98.1698729589		98.968500155		98.2868584665						0.38		95.5544328775		98.1619863033		100.7345728224		98.2102607308		98.1619863033

		0.4		94.6359632253		97.8351748467		98.6579461815		97.9520950058						0.4		94.6359632253		97.9448671211		100.6215485517		97.9906282842		97.9448671211

		0.42		91.378421658		96.7344404665		97.5486710106		96.8415881238						0.42		91.378421658		97.0451503103		100.0093707976		97.0828524258		97.0451503103

		0.44		87.9317958495		95.7537745558		96.5040282327		95.8458335379						0.44		87.9317958495		96.2437469589		99.3349844478		96.2741879187		96.2437469589

		0.46		89.0697228835		96.0909421798		96.8761921162		96.1883935724						0.46		89.0697228835		96.5637626305		99.6715913652		96.5960514507		96.5637626305

		0.48		87.6881596359		95.7489922136		96.5014330935		95.8394967286						0.48		87.6881596359		96.3322263939		99.4421666883		96.3618818298		96.3322263939

		0.5		86.7340046818		95.5434329774		96.2692256823		95.6287324342						0.5		86.7340046818		96.2117292573		99.3053496122		96.2396525742		96.2117292573

		0.52		85.124755382		95.2122672924		95.8843901357		95.2887692041						0.52		85.124755382		95.9719104684		99.0163344097		95.9971316116		95.9719104684

		0.54		89.0461847605		96.1896173733		96.9954488524		96.2863024638						0.54		89.0461847605		96.7675271275		100.0078612314		96.7984566289		96.7675271275

		0.56		92.3990536531		97.184741495		98.0915739113		97.299167175						0.56		92.3990536531		97.5621075378		100.8410296338		97.5987362242		97.5621075378

		0.58		92.972747543		97.3827641603		98.3132046855		97.5003433336						0.58		92.972747543		97.7771416515		101.0469646149		97.814760864		97.7771416515

		0.6		93.1765339304		97.4633068925		98.4085773617		97.5820821148						0.6		93.1765339304		97.9025541339		101.1721394616		97.9404350809		97.9025541339

		0.62		99.5317395712		99.800236741		100.8517740638		99.9508009094						0.62		99.5317395712		99.5674614726		102.6332285574		99.6181093735		99.5674614726

		0.64		101.6376676305		100.6989280092		101.7662567125		100.8589785686						0.64		101.6376676305		100.2954790986		103.1496863012		100.3512824384		100.2954790986

		0.66		98.9082330232		99.5448369594		100.6382992205		99.6953280579						0.66		98.9082330232		99.4390826498		102.6782394839		99.4871697945		99.4390826498

		0.68		99.1083495254		99.6242115099		100.7402559901		99.7767339087						0.68		99.1083495254		99.568842752		102.8019719972		99.6172239146		99.568842752

		0.7		96.3190512673		98.5751254893		99.6570138789		98.7125356154						0.7		96.3190512673		98.8005758327		102.3056044487		98.841955194		98.8005758327

		0.72		97.916786205		99.1624755948		100.2961941219		99.3097448148						0.72		97.916786205		99.296424707		102.7268977763		99.3410704605		99.296424707

		0.74		96.4054543168		98.6178857372		99.7267431783		98.7559227474						0.74		96.4054543168		98.9441332821		102.4920053416		98.9851548586		98.9441332821

		0.76		92.8033025961		97.4779733919		98.4638904302		97.5918101638						0.76		92.8033025961		98.0744490657		101.8081252972		98.1076426988		98.0744490657

		0.78		92.5266917631		97.4164025073		98.3936084793		97.52764805						0.78		92.5266917631		98.0912352112		101.8289223874		98.1238013162		98.0912352112

		0.8		91.8273046385		97.2432124627		98.1904770154		97.3488761586						0.8		91.8273046385		98.0178089225		101.7564861784		98.049013901		98.0178089225

		0.82		89.0651337914		96.5905280874		97.4031884885		96.676926232						0.82		89.0651337914		97.5189183401		101.2257638385		97.5453051981		97.5189183401

		0.84		90.6963282793		96.998930015		97.889988996		97.0949350176						0.84		90.6963282793		97.8976883147		101.6775673257		97.9263858995		97.8976883147

		0.86		88.1444269846		96.4587846646		97.2161001472		96.5370459617						0.86		88.1444269846		97.4809698178		101.1867744963		97.5055152687		97.4809698178

		0.88		86.5609149988		96.1952555392		96.8656814838		96.2627282071						0.88		86.5609149988		97.291972741		100.9042009306		97.3142151696		97.291972741

		0.9		85.9124118814		96.1258928458		96.756130209		96.1883959545						0.9		85.9124118814		97.2730503175		100.8337724364		97.294370545		97.2730503175

		0.92		84.3771799906		95.9365071427		96.4829529806		95.989461149						0.92		84.3771799906		97.1227440298		100.5541052763		97.1420739998		97.1227440298

		0.94		87.0829865921		96.4066666055		97.080846933		96.473364105						0.94		87.0829865921		97.589546002		101.279502413		97.61189798		97.589546002

		0.96		87.609039501		96.5378937139		97.2317780612		96.6064064055						0.96		87.609039501		97.7565277284		101.4829288499		97.7794653755		97.7565277284

		0.98		86.7868805917		96.4386060224		97.0793363803		96.5008640674						0.98		86.7868805917		97.707716896		101.3736843721		97.7294864654		97.707716896

		1		86.5690236934		96.4466068956		97.0660541049		96.5062310066						1		86.5690236934		97.7584320463		101.4039291937		97.7798412585		97.7584320463

		1.02		86.6774694109		96.5067028925		97.121786149		96.5655460694						1.02		86.6774694109		97.8595628309		101.5104988169		97.8810204608		97.8595628309

		1.04		85.1841017259		96.3419175434		96.8683891754		96.3912395124						1.04		85.1841017259		97.716709548		101.2419625905		97.736232835		97.716709548

		1.06		88.0762728403		96.8112836381		97.4827581427		96.8754663845						1.06		88.0762728403		98.2104419806		102.0104702107		98.2332014092		98.2104419806

		1.08		88.0371842012		96.8445191854		97.5025954225		96.9069451052						1.08		88.0371842012		98.2884689873		102.0830648651		98.311086829		98.2884689873

		1.1		85.8794525802		96.5798724056		97.1073053611		96.6285933656						1.1		85.8794525802		98.0316751128		101.6643748397		98.0514306981		98.0316751128

		1.12		88.1839586115		96.9480596356		97.5908378653		97.0082556431						1.12		88.1839586115		98.4438841186		102.2913633635		98.4662112682		98.4438841186

		1.14		92.0709414728		97.6790164953		98.5553616961		97.7635801254						1.14		92.0709414728		99.1343688882		103.2749995246		99.1615273782		99.1343688882

		1.16		92.4036122826		97.7720791537		98.6598279992		97.857365212						1.16		92.4036122826		99.2772271368		103.4322915125		99.3047675839		99.2772271368

		1.18		95.4329324396		98.4887487049		99.5827728119		98.5963532217						1.18		95.4329324396		99.9153166107		104.1932546561		99.9472612116		99.9153166107

		1.2		97.2483571399		98.9827003927		100.2052192667		99.1043467869						1.2		97.2483571399		100.3696414488		104.6730654869		100.4044966248		100.3696414488

		1.22		100.0757873377		99.8466283799		101.282455037		99.9930565161						1.22		100.0757873377		101.072342715		105.3655055366		101.1121253538		101.072342715

		1.24		101.1980494351		100.2161477706		101.7380665339		100.3720357446						1.24		101.1980494351		101.4235600238		105.6861564299		101.4654140894		101.4235600238

		1.26		100.3768915149		99.9246267494		101.3783780246		100.0705984763						1.26		100.3768915149		101.2902232635		105.5992324318		101.3302117333		101.2902232635

		1.28		99.34255435		99.5876268161		100.9495471173		99.7215375136						1.28		99.34255435		101.1133127749		105.4661238799		101.1510808979		101.1133127749

		1.3		98.5418433735		99.3465074484		100.6312419819		99.4706818845						1.3		98.5418433735		101.0038501576		105.380525467		101.0399450582		101.0038501576

		1.32		101.3712999046		100.2120040751		101.7367929259		100.3626326683						1.32		101.3712999046		101.7205860034		106.0700355168		101.7617184616		101.7205860034

		1.34		99.1499163088		99.5094053488		100.8260173104		99.6353529002						1.34		99.1499163088		101.2422437447		105.6900642715		101.2787048434		101.2422437447

		1.36		101.1746254152		100.1131266194		101.6061568915		100.2577273945						1.36		101.1746254152		101.7793632053		106.2063112933		101.8194011895		101.7793632053

		1.38		102.8091990439		100.6427902007		102.2837545804		100.8031036578						1.38		102.8091990439		102.2546775323		106.6344919122		102.2977895457		102.2546775323

		1.4		103.9112133094		101.0129475639		102.7559742765		101.1837531126						1.4		103.9112133094		102.6148702245		106.948445708		102.6601202971		102.6148702245

		1.42		102.8206964855		100.5948393237		102.2226115399		100.7511653573						1.42		102.8206964855		102.3973769322		106.8095689259		102.4400714847		102.3973769322

		1.44		104.5587366482		101.1882624114		102.9876456127		101.3627083558						1.44		104.5587366482		102.9177376187		107.2561526144		102.9638697662		102.9177376187

		1.46		108.3222192007		102.7116918716		104.8967394297		102.9306229867						1.46		108.3222192007		104.0143286744		108.114115098		104.0685785935		104.0143286744

		1.48		112.1699231853		104.5702764619		107.129913304		104.8370003996						1.48		112.1699231853		105.27106687		108.9687120375		105.3347347138		105.27106687

		1.5		116.4104240666		106.9717066639		109.8759871533		107.2912210576						1.5		116.4104240666		106.8186485642		109.8798269021		106.8940961877		106.8186485642

		1.52		119.3202438715		108.7960272819		111.8917370548		109.1506581314						1.52		119.3202438715		108.0398404543		110.5170906511		108.1244156609		108.0398404543

		1.54		115.5841110378		106.3223121342		109.2550974283		106.631936378						1.54		115.5841110378		106.4658734772		109.913450511		106.5368691996		106.4658734772

		1.56		119.9451261369		109.0838311548		112.3304492309		109.4477966473						1.56		119.9451261369		108.1774129472		110.8308372061		108.2615179693		108.1774129472

		1.58		125.7204199482		113.2631107146		116.635877441		113.6899094272						1.58		125.7204199482		110.7264025088		111.9868353556		110.8304190023		110.7264025088

		1.6		135.8311422726		121.5315980554		123.9126652891		122.0324811112						1.6		135.8311422726		115.9219673458		113.8777168721		116.067393781		115.9219673458

		1.62		133.4402503487		119.463040358		122.433414013		119.9548218917						1.62		133.4402503487		114.3728333689		113.5679708123		114.8880370214		114.3728333689

		1.64		133.3097260077		119.318362404		122.4672297013		119.8122814843						1.64		133.3097260077		114.3264497792		113.63665337		114.8665887053		114.3264497792

		1.66		136.3559558071		121.9050394236		124.7271031039		122.4191706514						1.66		136.3559558071		116.2009104532		114.2469451534		116.4874322756		116.2009104532

		1.68		135.2657026477		120.9360051107		124.1280909757		121.4469238473						1.68		135.2657026477		115.512620273		114.1556929305		115.9752155972		115.512620273

		1.7		130.3901856569		116.7362568639		120.6028857067		117.2173451698						1.7		130.3901856569		112.4609065971		113.4241376024		113.5135024813		112.4609065971

		1.72		126.6966460638		113.6257378838		117.6910105761		114.0783777368						1.72		126.6966460638		110.5278851625		112.8723332236		111.6296445179		110.5278851625

		1.74		125.7657129559		112.8101335986		116.9480051956		113.2567811679						1.74		125.7657129559		110.1409916677		112.7968051041		111.1978646144		110.1409916677

		1.76		128.4833704875		114.9986387927		119.2669952909		115.4726861789						1.76		128.4833704875		111.4292229203		113.3745704461		112.5960555201		111.4292229203

		1.78		127.2475772704		113.9123346985		118.2610778245		114.3791144397						1.78		127.2475772704		110.8705518633		113.2472210562		111.9913260355		110.8705518633

		1.8		120.7515992919		108.6481193139		112.6462371641		109.0473635922						1.8		120.7515992919		107.867685677		112.1816119498		108.6978973802		107.867685677

		1.82		120.4727295887		108.3370116344		112.3590663328		108.7366064947						1.82		120.4727295887		107.8289318283		112.2195865766		108.6462343643		107.8289318283

		1.84		124.0854385405		111.1036126076		115.5074847581		111.5524855871						1.84		124.0854385405		109.20136913		112.9824502621		110.1379462382		109.20136913

		1.86		125.4817752809		112.2075641391		116.7590566673		112.6748401921						1.86		125.4817752809		109.823158021		113.3271603339		110.8086835825		109.823158021

		1.88		117.9435399399		106.1039404519		109.9824432944		106.4795989679						1.88		117.9435399399		106.7202813487		112.056256444		107.405838828		106.7202813487

		1.9		117.0917074357		105.340164488		109.1651110504		105.7067425428						1.9		117.0917074357		106.5261600583		111.9840838199		107.1842171692		106.5261600583

		1.92		117.1699515897		105.2238728525		109.1518157098		105.6013797905						1.92		117.1699515897		106.6210686442		112.0886821132		107.2786908766		106.6210686442

		1.94		121.8269070986		108.8432938386		113.3536331046		109.3037029284						1.94		121.8269070986		108.0877379539		113.0693976896		108.873415364		108.0877379539

		1.96		124.0623175234		110.7678645555		115.4264091697		111.2506914593						1.96		124.0623175234		108.9234170393		113.5748421053		109.7780324161		108.9234170393

		1.98		124.739998444		111.3668836721		116.0567728752		111.8541285614						1.98		124.739998444		109.2359304148		113.7898262017		110.1104669759		109.2359304148

		2		127.6079693107		113.9273419856		118.7251025505		114.4258106157						2		127.6079693107		110.3717518948		114.4041453936		111.3433234891		110.3717518948

		Time		Stock		uncapped call		20% capped call								Time		Stock		unconstrained		b=20%

		0		100		100.0010630412		100.0007008254								0		100		100		100

		0.02		104.0525816912		102.0425391845		101.0809779617								0.02		104.0525816912		101.9807156139		100.8905563516

		0.04		100.7895677388		100.3848467526		100.3741760877								0.04		100.7895677388		100.2371971541		100.3385381429

		0.06		100.9029896899		100.4402604208		100.491124889								0.06		100.9029896899		100.3434592366		100.4414320006

		0.08		101.2956968064		100.6316559817		100.6789445057								0.08		101.2956968064		100.5824658649		100.6000074897

		0.1		98.0086578905		99.0954215339		99.9166216769								0.1		98.0086578905		99.0547206408		100.0276349807

		0.12		94.3398520551		97.5616784619		99.0126287968								0.12		94.3398520551		97.5938994364		99.3588204754

		0.14		93.8038183571		97.3651244944		98.9434203111								0.14		93.8038183571		97.4721701167		99.3254370501

		0.16		96.3103734147		98.381136623		99.7081345553								0.16		96.3103734147		98.3866874444		99.9357570628

		0.18		93.2549147432		97.1841365038		98.9442226201								0.18		93.2549147432		97.3108996729		99.3816507716

		0.2		95.3484951146		98.0054560951		99.6032170877								0.2		95.3484951146		98.0527256848		99.9074210762

		0.22		98.45564072		99.3180046162		100.5397107726								0.22		98.45564072		99.2026043046		100.6385286858

		0.24		100.2747917612		100.1417480209		101.1178457588								0.24		100.2747917612		99.976273336		101.0909765687

		0.26		101.1681182891		100.5591493598		101.4453683757								0.26		101.1681182891		100.4084549048		101.3520093484

		0.28		99.7503026896		99.9020785501		101.148373871								0.28		99.7503026896		99.8527042743		101.1490529638

		0.3		101.1704248208		100.5562909116		101.6229947603								0.3		101.1704248208		100.4882311933		101.5180198428

		0.32		101.9801617631		100.9375680599		101.9314804785								0.32		101.9801617631		100.8912026307		101.7617786766

		0.34		102.9966174238		101.4258731766		102.296030849								0.34		102.9966174238		101.3933174573		102.0460846168

		0.36		101.6221045775		100.7603257768		102.0128358744								0.36		101.6221045775		100.823510551		101.8553967618

		0.38		98.903388827		99.5332713184		101.3354117731								0.38		98.903388827		99.7176102547		101.3919304227

		0.4		96.8740891889		98.6938661292		100.8293737485								0.4		96.8740891889		99.010623263		101.0570126308

		0.42		97.2345814311		98.8439682827		101.0149484468								0.42		97.2345814311		99.2008146092		101.2131102625

		0.44		89.88630565		96.2999658434		98.8975788273								0.44		89.88630565		96.6977943431		99.7643324934

		0.46		86.6038463754		95.446124021		97.9965884121								0.46		86.6038463754		96.0064004971		99.1155470608

		0.48		87.1445115704		95.6116090431		98.2153472761								0.48		87.1445115704		96.1920333916		99.3186342307

		0.5		86.2303477196		95.4241526212		98.0097066068								0.5		86.2303477196		96.0865879362		99.1897542985

		0.52		89.3306771778		96.2404511831		98.9910129042								0.52		89.3306771778		96.7615950424		99.9824002898

		0.54		84.6766282996		95.156474538		97.6805084155								0.54		84.6766282996		95.8244425908		99.0206273795

		0.56		89.1045959699		96.2318711103		99.0484412392								0.56		89.1045959699		96.6549111706		100.1354942623

		0.58		88.7202216901		96.1589956801		98.9930530657								0.58		88.7202216901		96.6559096561		100.1292509784

		0.6		96.3030251932		98.536875604		101.4329281372								0.6		96.3030251932		98.2349130436		101.9209781636

		0.62		92.859694612		97.3789071956		100.4133891639								0.62		92.859694612		97.4151267503		101.2737154445

		0.64		95.2643371433		98.1824818283		101.2510706029								0.64		95.2643371433		98.0207533986		101.8792803982

		0.66		92.0190895978		97.1594586213		100.2777441013								0.66		92.0190895978		97.3132284768		101.2667065274

		0.68		87.5289855778		96.0251830481		98.9231217926								0.68		87.5289855778		96.4660356477		100.3594914611

		0.7		86.3267135287		95.8028677158		98.6124539673								0.7		86.3267135287		96.3523417523		100.1641176009

		0.72		87.025241435		95.9840653943		98.8798270883								0.72		87.025241435		96.5425442145		100.4063881169

		0.74		83.0153327184		95.2959128413		97.7529475976								0.74		83.0153327184		95.9936847482		99.5614576058

		0.76		84.7580616559		95.6278108395		98.303246152								0.76		84.7580616559		96.2995799468		100.0591624811

		0.78		85.2434377411		95.7557312542		98.4979705709								0.78		85.2434377411		96.4505447365		100.2538497425

		0.8		85.6232034303		95.8650901306		98.6626511193								0.8		85.6232034303		96.5879494714		100.4234205696

		0.82		85.4476054071		95.8763594548		98.6596629435								0.82		85.4476054071		96.6477944628		100.4626093594

		0.84		83.7500396749		95.6504757395		98.207860536								0.84		83.7500396749		96.4964711317		100.1438466499

		0.86		86.8005006713		96.1990009153		99.1750445927								0.86		86.8005006713		96.9705312148		100.9535176274

		0.88		86.905033086		96.2570271347		99.256972303								0.88		86.905033086		97.0701088744		101.0586361684

		0.9		89.9766749202		96.9106948254		100.3129436062								0.9		89.9766749202		97.59931248		101.8539031619

		0.92		90.5336420916		97.0633749512		100.5550143594								0.92		90.5336420916		97.7735283234		102.0615247874

		0.94		89.0434251426		96.7737224689		100.1000997694								0.94		89.0434251426		97.6067908872		101.8072208204

		0.96		88.723668079		96.7440035179		100.0410707843								0.96		88.723668079		97.6408816771		101.8155889018

		0.98		87.0397436181		96.4800190836		99.5323584069								0.98		87.0397436181		97.4680436698		101.5106017871

		1		83.7895712539		96.0637171311		98.5770259329								1		83.7895712539		97.0977573175		100.8337444424

		1.02		88.7737086827		96.8575348859		100.1958986772								1.02		88.7737086827		97.7723738965		102.1140503321

		1.04		87.496322203		96.6771453575		99.8100832119								1.04		87.496322203		97.6736480728		101.9019136517

		1.06		90.917664555		97.3362688191		101.0377008216								1.06		90.917664555		98.2210278373		102.7804039287

		1.08		89.3933822479		97.0740663527		100.5395909096								1.08		89.3933822479		98.0694820992		102.5180359075

		1.1		91.7928715483		97.5714463509		101.4498381209								1.1		91.7928715483		98.4990536769		103.1504473769

		1.12		87.7646820605		96.8848807527		100.056920568								1.12		87.7646820605		97.9469403276		102.3276891494

		1.14		87.1792969136		96.8457210065		99.8967410048								1.14		87.1792969136		97.9585845699		102.2730883399

		1.16		89.7421457749		97.2737282219		100.8222046152								1.16		89.7421457749		98.3643363448		102.9562612959

		1.18		94.8493830212		98.3431123458		102.8196862834								1.18		94.8493830212		99.1552908126		104.2105183587

		1.2		95.1910866973		98.4391270312		103.0075742602								1.2		95.1910866973		99.2957697976		104.369014078

		1.22		94.7661953883		98.3498579736		102.8839626581								1.22		94.7661953883		99.3072305502		104.3593795395

		1.24		97.0453668759		98.9322712705		103.8776191204								1.24		97.0453668759		99.767568368		104.9448872148

		1.26		97.469801514		99.0499726431		104.1127302904								1.26		97.469801514		99.9263517112		105.1206818641

		1.28		98.3901792449		99.3065662833		104.5645503297								1.28		98.3901792449		100.1765458705		105.4033450059

		1.3		100.9322557595		100.0815622149		105.7314431491								1.3		100.9322557595		100.7377963382		106.0323645575

		1.32		100.4022430922		99.8963181348		105.5707076142								1.32		100.4022430922		100.7080103786		106.0058740328

		1.34		101.1326529805		100.1162671766		105.9652076547								1.34		101.1326529805		100.9358510446		106.2449562258

		1.36		101.2871934125		100.1495381667		106.1070807215								1.36		101.2871934125		101.0478694024		106.3624652077

		1.38		98.3139916574		99.271865748		104.8106666595								1.38		98.3139916574		100.5119429513		105.8231613071

		1.4		99.34322736		99.5410279366		105.3421771838								1.4		99.34322736		100.7812496485		106.1294318136

		1.42		98.9846238831		99.4376941471		105.2279082066								1.42		98.9846238831		100.7959459208		106.1377578394

		1.44		97.5255405601		99.0798884869		104.5799328748								1.44		97.5255405601		100.6091805508		105.9098056893

		1.46		92.9611255583		98.2690075733		102.4985163768								1.46		92.9611255583		99.9042814757		105.0032124123

		1.48		91.9744602686		98.1768206128		102.080609068								1.48		91.9744602686		99.8550997362		104.8643616219

		1.5		95.1051001773		98.642978749		103.5075155576								1.5		95.1051001773		100.355023046		105.662172716

		1.52		92.8576553047		98.3559540039		102.4746910135								1.52		92.8576553047		100.1076251465		105.2473605616

		1.54		93.864965938		98.513552927		102.9382315456								1.54		93.864965938		100.3298440403		105.5599431484

		1.56		93.2689400902		98.4754333637		102.6584067441								1.56		93.2689400902		100.3345377283		105.5103759661

		1.58		92.7904830299		98.4637858943		102.4295087097								1.58		92.7904830299		100.3579706068		105.4865756906

		1.6		94.3675246414		98.6682243498		103.1676107284								1.6		94.3675246414		100.6532065522		105.9295713443

		1.62		92.6541180251		98.5387112194		102.3324519227								1.62		92.6541180251		100.5016725416		105.6296902487

		1.64		94.0350865289		98.7037020791		102.9695014858								1.64		94.0350865289		100.7679424977		106.0291089965

		1.66		93.6420240899		98.7102520837		102.747556628								1.66		93.6420240899		100.8026623953		106.0253353267

		1.68		91.6647746339		98.6321693049		101.7889619593								1.68		91.6647746339		100.6283664017		105.6624534545

		1.7		95.0253969142		98.908018858		103.3859804869								1.7		95.0253969142		101.1241103319		106.5217869864

		1.72		91.192133639		98.7414534429		101.4880174594								1.72		91.192133639		100.6851970917		105.7476429905

		1.74		91.0322272493		98.8077645807		101.3626758859								1.74		91.0322272493		100.7573536891		105.7951974916

		1.76		90.0590707994		98.8630528587		100.9219580091								1.76		90.0590707994		100.7383932911		105.6536807498

		1.78		88.0732623012		98.9256162968		100.2301860818								1.78		88.0732623012		100.6166032627		105.2723118331

		1.8		91.770266908		99.0547568091		101.4404500962								1.8		91.770266908		101.0677326135		106.2403638024

		1.82		91.5253307532		99.1341767513		101.242068667								1.82		91.5253307532		101.1310044559		106.2686871937

		1.84		93.9174259053		99.2501024449		102.2300318118								1.84		93.9174259053		101.4869289271		106.9092298174

		1.86		93.2852235123		99.3238874892		101.7765516561								1.86		93.2852235123		101.5001776604		106.8508687113

		1.88		95.3086280818		99.4292546785		102.7081941253								1.88		95.3086280818		101.8290842884		107.3999222418

		1.9		95.9439580351		99.5186893283		102.9194878594								1.9		95.9439580351		101.9997236357		107.6290713248

		1.92		92.0129489706		99.6012323374		100.7519380949								1.92		92.0129489706		101.5774388974		106.8332635079

		1.94		91.4273541766		99.7004712642		100.3936750234								1.94		91.4273541766		101.6062796959		106.7827898255

		1.96		88.1866998465		99.8001998676		99.8584657069								1.96		88.1866998465		101.3606409054		106.1112728403

		1.98		90.4309892127		99.9000499833		99.9556799622								1.98		90.4309892127		101.6528067599		106.7362957408

		2		90.6742024465		100		100								2		90.6742024465		101.7693123511		106.8791407244
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Figure 3A : Evolution of the fund value
with the option method in a bullish market



figures6-7-8

		



Stock

unconstrained

b=20%

Time (in years)

Stock and fund values

Figure 3B : Evolution of the fund value
with the cushion method in a bullish market
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Figure 4A : Evolution of the fund value
with the option method in a bearish market
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Figure 4B : Evolution of the fund value
with the cushion method in a bearish market



		Distributions

		Figure 5A : distributions options												Figure 5B : distributions coussin (4000 simulations sur les coussins)

		Quantiles		stock		uncapped call		40% capped call		80%capped call				Quantiles		stock		unconstrained		b=20%		b=30%		b=40%

		0		0		0		0		0				0		0		0		0		0		0

		5		0		0		0		0				5		0		0		0		0		0

		10		0		0		0		0				10		0		0		0		0		0

		15		0		0		0		0				15		0		0		0		0		0

		20		0.0000000002		0		0		0				20		0.0000000002		0		0		0		0

		25		0.0000000227		0		0		0				25		0.0000000227		0		0		0		0

		30		0.0000006873		0		0		0				30		0.0000006873		0		0		0		0

		35		0.0000087522		0		0		0				35		0.0000087522		0		0		0		0

		40		0.0000613887		0		0		0				40		0.0000613887		0		0		0		0

		45		0.0002801506		0		0		0				45		0.0002801506		0		0		0		0

		50		0.0009283375		0		0		0				50		0.0009283375		0		0		0		0

		55		0.0024088769		0		0		0				55		0.0024088769		0		0		0		0

		60		0.0051643605		0		0		0				60		0.0051643605		0		0		0		0

		65		0.00951324		0		0		0				65		0.00951324		0		0		0		0

		70		0.015504931		0		0		0				70		0.015504931		0		0		0		0

		75		0.0228633371		0		0		0				75		0.0228633371		0		0		0		0

		80		0.0310357795		0		0		0				80		0.0310357795		0		0		0		0

		85		0.0393157263		0		0		0				85		0.0393157263		0		0		0		0

		90		0.0469874963		0		0		0				90		0.0469874963		0		0		0		0

		95		0.0534481761		0		0		0				95		0.0534481761		0		0		0		0

		100		0.0582825206		0.4345707455		0.378056478		0.4285039065				100		0.0582825206		0		0		0		0

		105		0.0612872653		0.0685211335		0.0670281098		0.0684301837				105		0.0612872653		0.42275		0.11825		0.24225		0.31275

		110		0.062454967		0.065277137		0.0654395438		0.0653599441				110		0.062454967		0.21225		0.21475		0.146		0.13925

		115		0.061933		0.0606982011		0.0622901569		0.0609258917				115		0.061933		0.098		0.3245		0.18975		0.133

		120		0.0599723762		0.055267524		0.0580014135		0.0556064996				120		0.0599723762		0.06525		0.22025		0.17475		0.1195

		125		0.0568766087		0.0494114622		0.052980975		0.0498276172				125		0.0568766087		0.04275		0.0915		0.1215		0.1065

		130		0.0529631673		0.0434770503		0.0475887903		0.0439389842				130		0.0529631673		0.03175		0.026		0.07575		0.0765

		135		0.0485303666		0.0377254044		0.0421199162		0.0382063041				135		0.0485303666		0.01825		0.00425		0.02925		0.044

		140		0.0438396378		0.0323366884		0.2264946165		0.0328151353				140		0.0438396378		0.01375		0.0005		0.01275		0.0345

		145		0.039105844		0.0274214553		0		0.0278814554				145		0.039105844		0.01025		0		0.00575		0.0145

		150		0.0344948599		0.0230345365		0		0.0234650568				150		0.0344948599		0.0115		0		0.00125		0.0105

		155		0.0301262134		0.0191889617		0		0.0195831992				155		0.0301262134		0.00675		0		0.001		0.006

		160		0.0260786851		0.0158684515		0		0.0162230061				160		0.0260786851		0.00925		0		0		0.002

		165		0.0223972634		0.0130378114		0		0.013351875				165		0.0223972634		0.006		0		0		0.0005

		170		0.0191003372		0.0106510701		0		0.0109256978				170		0.0191003372		0.006		0		0		0.00025

		175		0.0161864185		0.0086575102		0		0.008895006				175		0.0161864185		0.00575		0		0		0.00025

		180		0.0136400118		0.0070058932		0		0.0360602374				180		0.0136400118		0.0035		0		0		0

		185		0.0114364709		0.0056472276		0		0				185		0.0114364709		0.00425		0		0		0

		190		0.0095458396		0.0045364244		0		0				190		0.0095458396		0.00375		0		0		0

		195		0.0079357584		0.003633138		0		0				195		0.0079357584		0.00125		0		0		0

		200		0.0065735673		0.0029020428		0		0				200		0.0065735673		0.0025		0		0		0

		205		0.0054277472		0.0023127371		0		0				205		0.0054277472		0.001		0		0		0

		210		0.0044688408		0.0018394205		0		0				210		0.0044688408		0.00075		0		0		0

		215		0.0036699755		0.0014604495		0		0				215		0.0036699755		0.001		0		0		0

		220		0.0030070988		0.0011578426		0		0				220		0.0030070988		0.0005		0		0		0

		225		0.0024590089		0.000916782		0		0				225		0.0024590089		0.001		0		0		0

		230		0.0020072506		0.000725142		0		0				230		0.0020072506		0.00125		0		0		0

		235		0.001635928		0.0005730584		0		0				235		0.001635928		0.001		0		0		0

		240		0.0013314702		0.000452548		0		0				240		0.0013314702		0.002		0		0		0

		245		0.0010823795		0.0003571778		0		0				245		0.0010823795		0.0005		0		0		0

		250		0.0008789779		0.0002817843		0		0				250		0.0008789779		0.00025		0		0		0

		255		0.000713165		0.000222236		0		0				255		0.000713165		0.00125		0		0		0

		260		0.0005781939		0.0001752368		0		0				260		0.0005781939		0.00075		0		0		0

		265		0.0004684696		0.0001381635		0		0				265		0.0004684696		0.00075		0		0		0

		270		0.0003793692		0.0001089325		0		0				270		0.0003793692		0.00075		0		0		0

		275		0.0003070858		0.0000858924		0		0				275		0.0003070858		0.00025		0		0		0

		280		0.0002484936		0.0000677356		0		0				280		0.0002484936		0.00075		0		0		0

		285		0.0002010321		0.0000534287		0		0				285		0.0002010321		0.00075		0		0		0

		290		0.0001626091		0.0000421555		0		0				290		0.0001626091		0.00025		0		0		0

		295		0.0001315178		0.0000332721		0		0				295		0.0001315178		0.0005		0		0		0

		300		0.0001063686		0.000026271		0		0				300		0.0001063686		0.001		0		0		0
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Figure 5A : Distribution of final fund values
with the option method



		



stock

unconstrained

b=40%

b=30%

b=20%

Final stock and fund values

Probability frequency

Figure 5B : Distributions of final fund value
with the cushion method



		

		Graphique des performances avec mean standard deviation

						CS1		CS2		CS3		CS4		CS5		call

				ECARTYPE		8.6032358357		16.133432961		20.0481339372		21.986906359		23.0712493514		24.3016199448

				MOYENNE		113.1993006258		115.2616088922		116.1289879344		116.4538154304		116.6316988204		116.8173877328

						bench 1		bench 2		bench 3		bench 4		bench 5		coussin

				ECARTYPE		6.3784760894		12.2514379065		16.7713132836		20.2945642604		23.2164546082		43.6331996173

				MOYENNE		112.7104171581		114.319806986		115.1980547934		115.7699092636		116.1853497509		117.5722262163

		Graphique de performances avec MAD

						CS1		CS2		CS3		CS4		CS5		call

				MAD		7.896734367		14.601119891		16.838977041		17.6103840095		17.9424752176		18.2217958367

						bench 1		bench 2		bench 3		bench 4		bench 5		coussin

				MAD		5.1253735848		10.1133913679		13.257767279		14.8739293319		15.7859788322		17.7597116963

		Graphique de performances avec VARTOP (calculées à 0.1 près)

						CS1		CS2		CS3		CS4		CS5		call

				VARTOP5%		120		140		160		165.9		165.4		165.1

						bench 1		bench 2		bench 3		bench 4		bench 5		coussin

				VARTOP5%		123.4		136.7		148.2		157.4		164.1		162

						CS1		CS2		CS3		CS4		CS5		call

				VARTOP1%		120		140		160		180		200		205.8

						bench 1		bench 2		bench 3		bench 4		bench 5		coussin

				VARTOP1%		129		149.1		169.9		188.5		207.4		286.2
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Figure 6 : Performance/risk trade-off measured by the mean and standard deviation of returns
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Figure 8 : Performance/risk trade-off measured by the mean and mean absolute deviation of returns
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Figure 7 : Performance/risk trade-off measured by the top quantile and standard deviation of returns
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